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A Characteristics Approach to Radiative Gasdynamics

Davip FINKLEMAN*
U.S. Air Force Academy, Colo.

Jupson R. Baront
Massachusetts Institute of Technology, Cambridge, Mass.

Since the equations which govern unsteady radiative gasdynamics are hyperbolic, general
situations are treated with a numerical method of characteristics. Upstream absorption of
shock layer radiation is included, and it is shown that only Mark radiation boundary condi-
tions are appropriate to a P; differential approximation of one-dimensional radiative fields.
Flowfields generated by pistons inserted into ideal gases with arbitrary absorption properties
are investigated with use of both the differential approximation and the transfer equation.
Results show that the differential approximaton predicts surface pressures and heat-transfer
rates accurately. Nonmonotonic surface pressure histories are noted, and it is observed that
variations in surface emissivity and temperature may alter vorticity generation rates. Up-
stream absorption can be a dominant mechanism in flowfield evolution, and in certain cases
the effects of radiation upon pressure and velocity may be comparable to those upon tempera-

ture.

Nomenclature

Q

= speed of sound, Eq. (2.19)

Boltzmann number, Eq. (2.17)

black body steradiancy o1'¢/#

speed of light

enthalpy

frequency integrated specific intensity

nth tensor moment of the specific intensity, Eq. (2.5)
hypersonic similarity parameter M .8
physical dimension of region of interest
pressure

radiative heat flux

defined by Eq. (2.17)

distance

time

temperature

= velocity

shock wave propagation speed
absorption coefficient

Planck volumetric mean emission coefficient
sound-light parameter, Eq. (2.2)

ratio of specific heats

specific heat ratio parameter, Eq. (2.17)
fineness ratio

conical variable »/t

optical depth, Eq. (3.8)

density

Bouguer number, Eq. (2.2)

= unit vector in direction of propagation
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Subscripts

= conditions at shock wave
= conditions at a surface
= conditions in an undisturbed medium
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I. Introduction

INCE the formulation of problems in radiative gasdy-
namies involves complicated systems of coupled integro-
differential equations, detailed general solutions have not yet
been presented. Investigations not limited to specific ranges
of Bouguer and Boltzmann numbers have been performed
mainly in the linearized sense. Furthermore, the inversion
of the transformed solutions of linearized problems has been
carried out only asymptotically and has been restricted to
simple situations (e.g., wavy walls, oscillating planar pistons,
and pistons with pulsed velocity). If completeness in the
solution of problems in radiative gasdynamics includes simul-
taneously 1) no restriction on optical depth, 2) the effects of
emitting, absorbing, and reflecting impermeable boundaries,
and 3) allowance for upstream gas absorption from a distur-
bance layer, then no analysis has yet been complete. In par-
ticular, the effects of nonlinearity in the most straightforward
situations have not been assessed even within the framework
of the differential approximation to radiative transfer.2
Recently much attention has been focused upon the method
of characteristics (MOC) in unsteady flows.? Since the
equations of unsteady gasdynamics are always hyperbolic,
one may predict quite general situations, including the im-
bedded subsonic regions which force the Cauchy problem to
be ill-posed in the steady state, in a stable computational
manner. Even if the flowfield is everywhere supersonic, the
steady equations of radiative gasdynamies never possess

Fig. 1 Geometry of
the characteristies
solution.
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enough real characteristics for an MOC to be useful. Nem-
chinov? recognized that the equations of unsteady radiative
gasdynamics, at least to a differential approximation, possess
hyperbolic character. The usefulness of his observation
seems not to have been generally accepted, and its implica-
tions have not been exploited previously. Thus, in this in-
vestigation, a characteristic method is developed for general
problems including upstream absorption. Application is
then made to both planar and nonplanar situations, the former
within the framework of both the differential approximation
and the transfer equation. The formulation does not rely
upon the assumptions of a gray gas or the existence of local
thermodynamic equilibrium which are invoked.

II. Verification of Hyperbolicity

The equation of transfer in a gray gas in local thermody-
namic equilibrium is’8

BI/ot) + Q-grad() = ra(B — I) 2.1)

where the frequency integrated specific intensity I and the
black body steradiancy B are normalized by the black body
flux in the undisturbed medium, and the characteristic time is
that for propagation of isothermal disturbances across the re-
gion of interest I/(RT.)'/2. The sound-light parameter and
Bouguer number are, respectively,

B = RIH)/C, 1 = aul 2.2

If Eq. (2.1) is multiplied by the general tensor Q», where Q
is the unit vector in the direction of propagation, and suc-
cessively integrated over the unit sphere, the first few moment
equations are

BRI/t + divly = ra(drB — Io) (2.3)
BEL/dY) + divly, = —ridy (2.4)

where
I = 4 QU(QrHIQ (2.5)

The moment I; is the heat flux, and I, is the radiative stress
tensor. Although 8 is generally small, it is retained for com-
pleteness. There are situations of considerable interest
(early stages of blasts™) in which ¢ ~ 10¢°K, hence 8 ~ 1073,
8/By ~ 0(1), so that both parameters cannot necessarily be
ignored. Whether one assumes I, to be specified by the in-
tensity so that Eq. (2.1) determines the radiative field or I is
to be specified by its moments so that the sequence of which
Eqgs. (2.3) and (2.4) are the first members is required, the
system of equations appears to be hyperbolic.

Since the gasdynamics appear at most through in
homogeneous terms in the equations which govern the radia-
tive variables, the characteristic surfaces due to radiation
may be investigated immediately. Although the system is
not closed, if all moments are retained it may be deduced that?
if ¥(r,t) = const is a characteristic manifold, then,

lim By = 0 2.6)
M—o

where subscript notation is employed for partial differentia-
tion. These are cylindrical manifolds ¢ = () with gen-
eratrices parallel to the time axis. The confluence of these
manifolds is the photon path line dr = Qdt/8 since the infinite
sequence of moments specifies the intensity uniquely. 1If a
spherical harmonic expansion? is applied, the sequence Eqs.
(2.3) and (2.4) .. . is formally equivalent to Eq. (2.1). If the
expansion is truncated at the spherical harmonic Y5™(€), the
elements of the Nth row of the radiative characteristic de-
terminant are moved from the right to the left of the major
diagonal so that (N — 1)/2 characteristic hypercones appear
if Nisodd and (N — 2)/21if N iseven. For instance, to a P,
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approximation
L = (Iy/3)1 @7
so that Eqs. (2.3) and (2.4) lead to
382(¢)? = (grad ¥)* 2.8y

which are light cones, ( — )2 = 382(r — 1y)-(r — 1o).
Since the time axis lies within the cone, the radiative dis-
turbance must eventually be spread over all of space. As
B - 0, Eq. (2.8) no longer defines a time-like direction but
does lead to the real characteristic surface, { = const. By
the usual definition? the problem is still hyperbolic. Actually,
until the expansion is terminated the system is parabolic since
only one compatibility relation, Eq. (2.1) exists. The gas-
dynamic variables possess the usual particle paths and Mach
conoids with modified Mach angles to be discussed shortly.

The hyperbolicity of the unsteady equations of radiative
gasdynamies is best illustrated if attention is restricted to one
spatial dimension and time. The equations of ideal radiative
gasdynamies to 0(32) are, in the approximation noted previ-
ously®:

QV/r) + M- QV/at) = N(V,r0) ©2.9)
V= {P;u:T;Iﬂzq} (210>
i A, Crp i
T uA TTu?A 0 o 9
TA. As
_ Pu?A T uA 0 o 0
M = ~ T4, T4, 1 . . (2.11)
usA w?A U
0 0 0 0 38
. 0 0 0 B 0 J
P_l_ jPC, _ 710 Bric [C’,,T N 3— .
A T'r uBo Bo Tu? A
1  PuC, | TR | Bria
Ty {"’ r "B, T B, ¥
C.
o[4-- %)
= 212}
N=| -Alpu_ﬂ[1_1]+ 2.12)
pul J 7 By %2
Brua [AIT T
B, g u2 Tl - u?
—3raq
L — (@ + jg/7) 3
where
Cp =14 4UBI/3PB, (2.13)
As = A 4 Cp/T (2.15)
A=A, — Cp(1 — T/u)/T (2.16)

All properties are normalized by their values in the undis-
turbed gas. Enthalpy and density have been removed
through the thermodynamic (h-= T) and state (P = pT) re-
lations. In addition

Q = a(ly — 47B)
By = po(RT,)%/cT 4 (2.17)
T'=(y=1/y
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The characteristic directions of the quasi-linear system Eq.
{2.9) are the eigen values of M. Similarly the left-hand
eigen vectors of M determine the compatibility relations when
dotted into Eq. (2.9). If there are as many distinet eigen
vectors as there are elements in V, the system is hyperbolic
(if some of the eigen values are degenerate the system is
symmetric hyperbolic), and a numerical method of charac-
teristics may be applied. If there are less eigen vectors than
elements in V, the system is parabolic. As 8 — 0 Egs. (2.3)
and (2.4) apply along ¢ = const; therefore, even with radia-
tion, the system is symmetric hyperbolic. It may be shown
that in the Rosseland limit (r; 3> 1) 47 B ~ I, and the system
of equations reverts from hyperbolic to parabolic character.
Hence the singular nature of this approximation. Retention
of Iy bridges the gap between q and 7 and always leads to
hyperbolicity.

Once the hyperbolic nature of the equations is recognized,
the following compatibility relations may be written:

A£P/dt + pad*u/dt =
711'Q/ByCp(1 — T) — jPu/r(1 — T) (2.18)
on the lines dr/dt = u + a, where
a? = T(1 4 4I'B8I,/3PBy)/(1 — T) (2.19)
Also
dT/dt — (LA T/PCp)dP/dt = 7.QT'T/B,PCr (2.20)
on the path line dr/dt = u, and
(3)12d=/dr [Ty == q(3)12] = 1,a[dnBFq@)Y2 — I, F jq/r
(2.21)

on the light lines, dr/dt = £1/3(3)/2. Inall of the preceding,
J = 0,1, or 2 for planar, cylindrical, or spherical geometries
respectively. The modifications of the specific heat and
acoustic speed are due to radiation pressure and energy
density, which appear isotropically to this approximation.
As 8 — 0 the radiative characteristic directions coincide, but
Eq. (2.21) remain distinet and the system is hyperbolic.
The generalization of these relations to nongrey gases with
chemical nonequilibrium may be found in Ref. 8.

III. Consequences of Hyperbolicity and
Truncation of the Spherical Harmonic Expansion

It is known that hyperbolic systems of equations admit
generalized or weak solutions with discontinuities in the de-
pendent variables (shock waves) so that the governing equa-
tions cannot be satisfied locally.!*  If the governing equations
are written in divergence form and the types of discontinuities
allowed are examined, the manifolds across which these dis-
continuities occur may be determined. If the procedure is
applied to Eq. (2.9), it follows that

pr(un — us) = poltia — %s) 3.1)
Py + (Blo/3Bo): + prunlun — us) =
Py + (BIo/3Bo)s + patis(us — us) (3.2)

Fq/By + piHi(w — we) + (I'8/Bo)lo(4u1/3 — us) =
Pq2/B0 + p2H2(’U,2 - ’Ll/,) + (PB/Bo)[02(4M2/3 et U/S) (33)

Bus —1 I 01 — .Bus -1 I 02

[—1 36%]%91 % B [—1 3Bu. {92 } 34)
where the discontinuities occur across the line dr/dt = u, and
the stagnation enthalpy is H = T + Tw?/2. Equation
(3.1-3.3) are identically the relations derived differently by
Sachs! and Marshak.!? I, and ¢ must be continuous across
all shocks except those for which u, = 1/8(3)*/%. As more
moments are retained this slope approaches the speed of
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light. If 0(8/B,) were neglected, the ordinary Rankine-
Hugoniot relations would follow.

It has been observed?®!® that as 8 — 0 the radiation mo-
ment equations become stiff.'* This is illustrated by the
planar situation wherein the existence of only one important
direction cosine allows all moments of the specific intensity to
be represented by scalars. The sequence generated by Eqs.
(2.3) and (2.4) as 8 — 0 may be written in the form

a[l/alz = (]0 - 4:71'B)/Il (3534)
oly/ol; = /(I — 4wB/3) (3.5b)

Since I — B as radiative equilibrium is attained, an equi-
librium state is singular. Since the spatial derivatives of the
dependent variables vanish while the phase derivatives Eq.
(8.5) are indeterminate, it can be shown that a saddle occurs.
If all moments of the intensity are retained, the equilibrium
state is a regular point of the transfer equations; however,
truncation of the moments forces a saddle always to occur.
This saddle is similar to that which has been observed in the
upstream state of radiatively structure shock waves.’® The
appearance of an upstream saddle is a consequence of both
the omission of terms of order 8 and truncation of the system
of moment equations. It is solely peculiar to neither this
problem nor that of Ref. 15. If either restriction is relaxed
an upstream saddle should not appear for the gas models
considered.

The hyperbolic character of the equations of unsteady ra-
diative gasdynamics allows one to determine quite easily what
data are necessary in order to specify a problem. If 0(8) is
negleeted, initial data on I, and ¢ are not acceptable. The
question of boundary data appropriate for the various orders
of differential approximation has not been resolved. Most
investigators prefer the Marshak condition of neutron trans-
port theory®™ with a Py differential approximation.

A method of images has been devised” whereby boundary
data consistent with a P approximation may be derived.
Because of the angular averaging performed upon the radiative
field, specularly reflecting surfaces are not generally allowed.
At a boundary whose outward normal is in the direction of in-
creasing r,

Tow + 2 — Oqw(®)!2/e = 4wB(Ty) (3.6)

Iow = 27eB(Ty) - <1 - %) X

@iz [ Fia') expl— (@)’ dn' (37)
where

1= [ alenas (3.:8%)

Fi = 4mmB — jo/or (3.8b) ’

and e is the emissivity of the surface which is located at R,(f)
and whose temperature is Tw(f). Equation (3.6) is the
generalization of Mark’s boundary condition.®

1V. Application of the Theory of Characteristics
to One-Dimensional Piston Problems

The theory of characteristics has been applied to the de-
termination of flowfields generated by one-dimensional pistons
inserted into initially undisturbed gases. Only the limit
B = 0 is considered. Since the entire flowfield must be
known at each time chosen, only the constant time approach'®
is appropriate. The iteration scheme for which Courant,
Isaacson, and Rees'” have proved convergence will be as-
sumed. Since all of the past and the present will affect every
point, the domain of dependence is not violated by the dif-
ference equations although the Courant, Fredrichs, Lewy
stability criterion is satisfied.
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Inclusion of Upstream Absorption and Passage
through the Saddle Point

It is assumed that I, is known on the piston path, so that
Eq. (2.21) applies along a constant time line from below each
point. At a field point, simultaneous solution of the dif-
ference forms of Eqgs. (2.18), (2.20), and (2.21) yields all proper-
ties at point 1 (Fig. 1a) in addition to the locations of points
2-4, point 5 having been specified a priori. Similarly at a
point on the boundary (Fig. 1b) the velocity is known so that
Eq. (2.18) and dr/dt = u — a along the left running charac-
teristic yield the location of point 3 and the pressure at point 1.
Eq. (2.20) on the piston specifies the temperature.

If the shock is extrapolated from its last location with the
most recent slope, points (1, 7) of Fig. 1c are determined suc-
cessively in the standard manner. Although there are fifteen
quantities to be determined, the four radiative variables are
determined trivially by Eqgs. (2.21) and (3.4). In accordance
with the iterative scheme P, u, and T are determined to a
first approximation at point 1 by the properties at points 2—4
upstream of the shock. Equation (3.2) and the difference
form of Eq. (2.18) along the right running characteristic may
be combined to yield

P + Re;0PAL — [P+ pin?] + (pa)s.ius +
wilprr — (pa)eq] + prus(us — y7) = 0 (4~1)

where R = T'(r,Q/By — jPu/Tr)/(1 — I'). The double
subscript denotes an average value between two points, and
At is the time increment of the difference scheme. This
may be solved iteratively with the remaining Rankine-Hu-
goniot equations in order to determine the shock velocity.
The procedure is that which must be employed in order to
determine flowfields behind shock waves moving into any
nonuniform gas. Once the shock is traversed, the entire
upstream flowfield may be determined.

Even if I, were known at the piston surface, the governing
equations could not be integrated numerically through the
saddle point. It is of interest to inquire into the criteria
which allow one to claim to have reached the saddle. Suppose
Iy were known at the wall sufficiently accurately that at some
point ro(f) upstream of the shock radiative equilibrium were
nearly attained. Consistent perturbation about the saddle
leads one to conclude that if

I() = 4 + 61[,9 + 0(612), qg = Elq’ + 0(612) (42)

where ¢ «1 is characteristic of the deviation from equilib-
rium, it follows that

I'o, + jl'0/r — 314" = 0 (4.3)

The equation admits exponentially divergent solutions.
(This is a consequence of the more general proof of the ex-
istence of a saddle.) Since integration was initiated at the
boundary, both ¢ and I, are known at 7, thus, divergence
must ensue unless

X = {Ho(ro) — 4}F;(r)) — (3)Y%(ro) ~0(e?) (4.4a)

where
: 1 i=0
Fi(ro) = SKi[rre(3)12)/Ko[rire(3)V2]  j=1 (44b)
1 -l-' 1/7‘0Tz(3)1/2 j =2

and the K, are modified Bessel functions. For large ror; all
of the F; are the same, and Eq (4.4a) is an alternative state-
ment of the Mark condition for the incoming intensity. It
follows as well that for r > r,

q(r)/q(ro) >~ u(r)/ure) >~ [P(r) — 11/[P(r)) — 1] =
[T@) — 1)/[T(ro) — 1] =~
Ho(r) — 41/[Lo(ro) — 4] =~ G;(r,r0)  (4.58)
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where
expl—(r — ro)7:(3)/%] J=0
Gi(ryro) = Ky[rri(3)12]/Kolreri(3)Y2] =1 (4.5b)
(r/re) expl—(r — r)m(3)¥?] 7 =2

The P, moment equations have infinitely many integral
curves. Only the one which satisfies an upstream Mark
condition, Eq. (4.4a), will pass smoothly toward radiative
equilibrium. If upstream absorption and emission are ig-
nored, then I, — ¢(3)*/2 = 0 at the shock. If the freestream
is allowed to emit, Iy — ¢(3)'/* = 4 thereat. If upstream
absorption and/or emission are neglected the gas immediately
downstream of the shock is not in radiative equilibrium,
there is no saddle, and the solution curve is no longer specified
by its behavior near equilibrium. Therefore a solution which
satisfies a Marshak condition is acceptable. In any bounded
region a Marshak condition provides favorable cancellation
of errors inherent in the P; approximation (as is shown in Ref.
20). In an unbounded medium it leads to divergence from
radiative equilibriumn. The divergence may not be serious,
but in practice the degree of divergence is uncertain, and
linearization about the singular point indicates that only a
Mark condition should be used.

Over-all Numerical Procedure

Examination of the compatibility relations, Eqs. (2.18),
(2.20), and (2.21) leads one to consider two possible iterative
approaches. In both schemes, the properties Pi, Ui, and Ty
may be found independent of Io, and ¢ to lowest order be-
cause the averaged coefficients and inhomogeneous terms
always lag the dependent variables by a full iteration. The
first scheme (Method I) involves guessing a value of I, at the
wall and integrating upward and forward simultaneously,
carrying out iteration for all properties at each point in-
dividually. Passage through the saddle would not be as-
sured unless I, were guessed correctly at the wall; therefore,
once divergence were detected the caleulation could be re-
initiated with a new guess. The independence noted leads to
another scheme (Method II). Since the gasdynamic vari-
ables can be found at as many points as desired to a first ap-
proximation by forward integration, Eq. (2.21) may be re-
duced to a quadrature, and I and ¢ may be found at all points
consistent with P, U, and T. The iteration of the compatibil-
ity relations would then be carried out at all points simul-
taneously. Method 11 allows the exact solution to be ob-
tained in the planar case. The common expressions then
apply;*

Qurp) = 2m§eB<TW)E2(nn) +
(1= 9 [ raBE)Ealrtn + n)lar’ +

fRZ 1B Ey[ri|n — n’l]dr'% — 4raB  (4.6)
40rp) = 2m{ BT Barm) +
(1= 9 [ raBE)Ealrin + 0)ldr’ +

f ® raB) sga(r — 1) Ealr|n — n']]drfg “7)

R
e [t oo %
E.(x) j:) fn1 exp( ; )dt

are the Exponential Integrals.?? When Method II is applied,
one is attempting the solution of the integro-differential equa-
tions by successive approximations. Although convergence
is by no means assured, no difficulties were encountered in
practice. Method II incorporates appropriate boundary data

where
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and therefore requires no special saddle point approach.
The difficulties arise again as convergence problems.

In Method I, a value of Iyis required at the piston. Equa-
tion (3.7) provides a means of obtaining fairly accurate initial
guesses based on the most recent flowfield. A method similar
to that of Xerikos and Anderson?® for passage through the
sonie singularity of the integral approach to blunt body flows
was chosen. Equations (4.4) provide a single quantityx (Iow)
which allows prediction of corrected guesses. If there are no
external sources of radiation, absorption is more important
than emission until equilibrium is attained upstream, and the
volumetric energy loss must change signh near the upstream
side of the shock. Furthermore, the heat flux must tend
monotonically to zero as integration proceeds toward the
upstream gas. Thus, the point ry is taken at that station at
which either div{q) or ¢ first changes sign from that which it
had just upstream of the shock wave. Since x must vanish
for sufficiently large o, a new value of I, may be found with
linear influence coefficients. As the value of I, is improved, 7,
moves farther into the upstream gas. It is noted that if Iy is
too large at the wall, x will be greater than zero when di-
vergence occurs, and conversely. The method is like the
moveable outer boundary technique of Scala and Gordon,?*
and it corresponds to the artifice of an optically black surface
which radiates toward the shock layer but always remains far
enough ahead of it so that negligible gasdynamic disturbance
is generated.

Two procedures were employed for initiating the calcula-
tion, and both relied upon the assumption of frozen flow at the
start of motion. First, if the wall is not too hot the shock
wave is required to produce the elevated temperatures neces-
sary for radiation. Since chemical excitation should precede
radiation in all eases, nonradiating gasdynamics should be
applied initially. It follows that the radiative field must be
uncoupled from the gasdynamics, and a Maclaurin series in
time may be carried out if the piston velocity is not large, the
wall temperature is near unity, and Bs = 0(1). To lowest
order P, u, and T are functions of the conical variable { =r/1,
and may be found quite easily.?® The corresponding radia-
tive properties are, to order ¢/ 72,

t\? L 16\ dt
o= (¢) {f ereie + e[ (5 )z -

Up Us? Us? upj

where f(§) = 4r,2(§)[T4(§) — 1]. Also
To =4 4 3% = u,) + 0% 4.9)

Since the volume of radiating gas vanishes as ¢ — 0, there can
be no heat flux initially. The radiative properties thus pre-
dicted were generally reasonable, but if the shock were suf-
ficiently strong and the initiating solution were applied for too
large a value of ¢ they were incorrect. As an alternative
procedure, in many cases the radiation was turned on im-
pulsively at some finite time by assuming that & = 0 every-
where in the starting flowfield. This might be the case in a
shock tube if the flow were initiated with a weakly absorbing
gas and then large amounts of a strong absorber were in-
jected. Tt may be demonstrated® both analytically and
numerically that as long as the correct nonradiating solution
is applied for 0(B) « t « 1 the subsequent motion must be
correct and that the effect of the starting solution will be
erased in a time comparable with the initiating instant.

Once solutions have been carried out it is of interest to in-
terpret them in terms of an appropriate piston analogy.?:8 If
transverse motion corresponds to piston insertion, steady-
unsteady correspondence is achieved if

(Bo):Kuy'? = (Bo)u, [Kz = M.b]
(ael)d = [oRT)V2 e = (1))

(4.10a)
(4.10b)
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where 1, the length of a finite body, corresponds to the charac-
teristic time #,* at which piston motion is terminated. The
subseripts s and » denote the corresponding steady and un-
steady quantities, and é is the (small) fineness ratio of the
slender body. Kz, the hypersonic similarity parameter, is of
order unity. If a slender wedge or cone (without charac-
teristic physical length scale) is chosen, Eq. (4.10b) is un-
necessary. Even though the axial direction is in general not
time-like when radiative transfer is included, the usual hyper-
sonic small disturbance approximations lead to the conclusion
that axial convection predominates over axial transfer. In this
case upstream influence is small (transverse influence outside
of the shoek layer is not, however) and a piston analogy
holds.827.28  Since axial convection does not necessarily pre-
dominate near the nose, the piston analogy may be applied
only to bodies whose slopes are continuous and ounly at dis-
tances from the nose such that azX > 16T6/3Kn(By)s. In
addition, if the axial heat flux of the steady flow is expressed
as ¢0/aT.* = 6v*K3xqV, the axial radiative field is deter-
mined by 7V = — (0l,/0t) /8y,

V. Numerical Results and Discussion

To demonstrate the method, the insertion of planar and
cylindrical pistons into ideal gases whose absorption proper-
ties were allowed to vary with temperature and pressure was
investigated. The emissivities and temperatures of the piston
surfaces could be specified arbitrarily, but in all cases dis-
cussed the wall was maintained at the temperature of the un-
disturbed gas. Unless otherwise noted, the low-temperature
approximation to the Planck mean emission coefficient?® was
employed in all cases (ap = PT%. The cases chosen for pre-
liminary investigation employ combinations of parameters
which preclude perturbation approaches, and heretofore
unobserved phenomena will be reported. Long after the
initiation of motion, the shock wave will precede the piston
by such a large distanece that it will be unaware of its existence.
Although the agency which does work on the piston sustains
the shock wave, the only effect of the surface will be to main-
tain the downstream velocity and temperature levels. Since
radiative equilibrium will exist far up and downstream of the
shock, at large times analyses such as that of Heaslet and
Baldwin® should be adequate for uniform piston motions;
thus, attention is restricted to ¢t < 0(1).

Planar Flowfields

Exhaustive investigation confirmed that the frozen assump-
tion is adequate in planar piston generated flows; thus, all
results have been extrapolated to a vanishingly small initiat-
ing time in a manner similar to the A? procedure of Ref. 18.
Through the divergence of the heat flux Eq. (2.17) only the
first moment of the specific intensity Iy appears in the energy
equation. Thus, I, is the macroscopic property of the radia-
tive field which exerts most influence on fluid mechanies.
Since the differential approximation is worst in nearly opti-
cally thin flowfields, (r; < 1), comparison of the exact and
approximate results in such cases with moderate radiation is
presented in Fig. 2. Exact solutions require Method IIL.
Since Method I was much more rapid than Method IT when
the differential approximation was applied, it was employed
in all final results. In general I, is underpredicted by the
differential approximation when upstream absorption is ne-
glected and overpredicted when it is retained. This is to be
expected since the exact Exponential Integrals decay as
(1/x) exp(—=z) whereas the differential approximation lacks
the algebraic factor. These predictions are in agreement with
Kourganoff’s astrophysical results.?.%® Both I, and ¢ are
accurate at the piston surface, usually within 5% of the exact
values, but accuracy is better when upstream absorption is
included. This accuracy can be attributed both to the con-
sistent boundary condition Eq. (3.6) and to lack of appreciable
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Fig. 2 A comparison of first radiative moment as pre-
dicted by the differential approximation and the full
transfer equation.

anisotropy as indicated by |g|/Iy < 0.25 (see Ref. 31 for the
delineation of the anisotropy 1ndes<) The cumulative effect
of the differential approximation upon a flowfield which in-
cludes upstream absorption is indicated in Fig. 3. Although
the error grows from piston to shock, surface properties are
quite good. Since radiative effects upon both aerodynamics
and heat transfer predicted by the differential approximation
are sufficient for engineering purposes, all subsequent results
employ the P; approximation.

Linearized analyses have predominated the literature in the
past.? If the piston velocity is small relative to the iso-
thermal propagation speed and is constant, it may be shown
that for ¢ <« 1 the velocity perturbation is

w t—xyl2
— = N\ exp(—Axy~1?) f exp(A\r") X
Up 0

X2

{I(o)(T”) —_ 2T’I(1)(T”) }dT’ + ')/_1/2 exp(—)\t)f(o)[)\<t2 — ;):I

(5.1)
7= N[ (' + 2wy

where N = 87,T'%2/B, and I« and I are modified Bessel
functions. Velocity perturbations downstream of the wave-
head (at such small times upstream absorption is unim-
portant) as predicted by the MOC are compared for small
times with linearized results of Eq. (5.1) in Fig. 4. The ap-
parent discrepancy may be due to the greater importance of
nonlinear interactions in radiative gasdynamics than in other
nonequilibrium gasdynamic situations or to the application of
the small time expansion beyond its region of validity. Since
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Fig. 4 Comparison of linear and nonlinear velocity per-
turbations downstream of wavehead.

the transforms of the linearized solutions for uniform piston
motions cannot be easily inverted, more definite conclusions
cannot be made. It is interesting that the discrepancy noted
is of the order of the next correction to the linear theory.
Whereas linearized analyses tax one’s manipulative skill for
general piston paths, there is no difficulty in their investiga-
tion with the MOC. A uniformly decelerating piston whose
path is given by R, = #(2 — t) may be interpreted as a two-
dimensional ogive or as the lower surface of a slender biconvex
airfoil whose angle of attack is four times its thickness ratio.
The evolution of the pressure and temperature fields induced
by such a piston is given in Figs. 5-7. The behavior of the
veloeity and pressure fields within the shock layer is qualita-
tively the same. The radiation-convection parameter 7,/Bg
~ 0(1) is realistic.f When radiation is moderate, a region
in which large changes in entropy occur over small distances
(an entropy layer) is apparent near the shock wave, whereas
when radiation is weak (r;,/B « 1) it may be demonstrated
that the field is qualitatively that of a nonradiating gas. TItis
noted that a thin layer near the shock wave is more evident
in pressure than in temperature. In blunt body flows, the
pressure is insensitive to the radiative interaction; this seems
not necessarily to be the case in slender body flows. One sees
in Fig. 6 that the temperature of the gas at the wall ap-
proaches the wall temperature asymptotically for large times.
Because the freestream resists shock layer energy losses
through absorption and emission, the temperature decays
more rapidly at the relatively unresisting black wall than at
the shock wave. The importance of upstream absorption is
illustrated by the behavior of the upstream temperature field,
Fig. 7. Since upstream velocity disturbances are small, con-
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1 The computations of Main and Bauer®? in hydrocarbon-air
mixtures indicate that Planck and Rosseland mean absorption
coeflicients may be five orders of magnitude larger in a mixture
which is half methylene (CHz) and half air by volume than in air
alone.
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Fig. 6 Temperature field generated by a decelerating
planar piston.

servation of mass requires that pressure and temperature
fields must be at least qualitatively similar. Numerics?
verify this cbservation. KEven at moderate times, tempera-
ture levels upstream may exceed those at points within the
shock layer. Initially the shock layer is optically thin and
energy is lost very rapidly to the upstream gas. As the piston
decelerates, the shock engulfs preheated gas and recovers
some of the energy which was lost in order to sustain itself.
This is demonstrated by the appearance of a maximum in
temperature immediately upstream of the shock wave. As
dimensional considerations alone would dictate, the extent of
upstream absorption is the order of the freestream absorption
length, 1/ 0., which corresponds to fewer shock layer thick-
nesses the thicker the shock layer becomes. The evolution
of the radiative field is typified by Fig. 8 in which the heat
flux profiles are presented. For small times the linear varia-
tion characteristic of optically thin, nearly isothermal shock
layers is apparent, and as the shock layer grows the heat flux
becomes nearly constant with a severe optically thin region
near the shock and a moderate one near the piston. More
data than presented here reveals that whereas all other
variables are extremely sensitive to 7; and B,, surface pres-
sure responds only weakly to variation in these parameters.
A shock expansion caleulation was carried out, and for
t 2 0.35 surface pressures are predicted quite accurately by
a simple isentropic expansion. In this sense surface pressure
is unaffected by the presence of radiation. Investigation of
the ogival motion began at ¢ = 10~* and required approxi-
mately two hours to IBM 7094 computation to reach { = 0.4.
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Fig. 7 Evolution of the flowfield induced upstream of the
shock wave generated by a decelerating planar piston.
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Fig. 8 Radiative field generated by a decelerating planar
piston.

About ten seconds of IBM 7094 computation were required
per time increment. When upstream absorption was
neglected, new flowfields were generated ten times as rapidly.

Cylindrical Flowfields

Radiation coupled flows possess unique aspects which may
be more prominent in axisymmetric than in planar fields. As
opposed to chemically relaxing flows, the thermodynamic
system composed only of the gas in question continually has
energy flowing into or out of it at the piston surface. There-
fore, the entropy layers usually present in chemical non-
equilibrium need not exist in radiating flows. One may draw
an analogy between the effects of surface temperature and
emissivity upon these entropy layers when nonequilibrium
radiation is present and that of wall blowing (or suction) and
heating (or cooling) in viscous boundary layers. Perfectly
reflecting walls in inviscid radiating flows correspond, for in-
stance, to adiabatic walls in the viscous situation. No such
analogy exists in inviscid, chemically reacting, nonradiating
flows because no boundary data on nonequilibrium chemistry
are allowed. These observations are best illustrated in
cylindrical flowfields, wherein geometric effects may enhance
relaxation.

The coupling between radiation and convection during the
initiation of piston motion was more important in eylindrieal
than in planar geometries. It was confirmed that if the ra-
diating flow were begun at a small enough time, the non-
radiating, conical flowfield was correct. Extreme nonmono-
tonic behavior is observed in the evolution of surface pressure
and the temperature of the gas at the wall, Fig. 9. Such be-
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Fig. 9 The effect of emissivity upon temperature slip
and pressure at the surface of a cylindriecal piston in uni-
form motion.
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Fig. 10 Pressure field generated by a cylindrical piston
in uniform meotion.

havior was observed in wedge-like flows as well. The phe-
nomenon is well documented in both ideal®® and real®* gas
flows when vorticity accumulation occurs. The entropy
bleeding effect of an absorbing wall is illustrated by the tem-
perature distribution, and surface pressure is insensitive to
emissivity. Since previous analyses of nonlinear problems in
radiative gasdynamics have considered mainly black, cold
walls, it is not surprising that nonmonotonic behavior of this
type has not been reported. Of course, linear theory cannot
be expected to predict the oceurrence sinee it is due to complex
nonlinear interactions.

Comparison of Figs. 10 and 11 with Figs. 5 and 6 drama-
tizes the smoothing effect of geometrical attenuation. The
effect of emissivity on pressure is slight, but that upon tem-
perature is pronounced. A small emissivity forces the ma-
jority of shock layer energy losses to occur through the shock
rather than into the wall. Thus an entropy layer appears at
the shock wave, Fig. 11, much more rapidly when emissivity
is small. The net energy loss from the shock layer is nearly
independent of emissivity. This is demonstrated by the in-
sensitivity of shock shape (Fig. 12). If energy is lost to the
wall (e =~ 1) it may not be recovered, but it is always available
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Fig. 11 Temperature field generated by a cylindrical

piston in uniform motion.
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if it is absorbed by the gas upstream. This may have sig-
nificant consequences upon subsequent motion.

The general insensitivity of most variables to variations in
emissivity is predicted by the consistent boundary condition,
Eq. (3.7). As emissivity decreases the second term is
weighted more heavily than the first. In addition, the heat
flux is constrained for small values of the optical variable,
where the weight exp(—773/?) is largest. Thus, the value
of Iy at the wall is insensitive to emissivity, and geometric
effects may compensate for variations in surface properties.
The inclusion of upstream absorption delayed the approach
to radiative equilibrium sufficiently that it was not computa-
tionally feasible to pursue it. The multidimensional ex-
tension of the present analysis has been formulated. Further
extensions in real gases are currently in progress.

Conclusions

The suitability of a characteristics approach to general
problems in unsteady radiative gasdynamics has been
demonstrated through the investigation of one-dimensional
piston problems in ideal, radiating gases. The following
general conclusions have been inferred as well. 1) Only
Mark-type conditions are consistent with a P, differential
approximation if upstream absorption of shock layer radiation
is allowed. 2) The manner in which the radiative field is
initiated numerically cannot affect entropy levels of the sub-
sequent flow. 3) Nonlinear interaction of disturbances may
be more important in radiative gasdynamics than in other
nonequilibrium flows. It appears that at least one more order
may be required in linearized analyses. 4) The differential
approximation to radiative transfer is adequate for two-
dimensional slender body flows. 5) Nonmonotonic behavior
of surface properties may occur in radiating flows. 6) The
pressure distributions along the surfaces of slender bodies are
insensitive to large variations in parameters of the radiative
field. The observable motion is insensitive to variations in
emissivity. 7) Transverse absorption of shock layer radia-
tion may be a dominant mechanism even in slender body
flows.

It is hoped that the present approach will aid in the refine-
ment of the design of slender re-entry vehicles.
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